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We review recent results on the Bethe Ansatz solutions for the eigenvalues of the 
transfer matrix of an integrable open XXZ quantum spin chain using functional relations 
which the transfer matrix obeys at roots of unity. First, we consider a case where at 
most two of the boundary parameters a_ ,a+ ,/3- ,13+ are nonzero. A generalization of the 
Baxter T — Q equation that involves more than one independent Q is described. We use 
this solution to compute the boundary energy of the chain in the thermodynamic limit. 
We conclude the paper with a review of some results for the general integrable boundary 
terms, where all six boundary parameters are arbitrary. 
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1 Introduction 

While the open spin- 1/2 XXZ quantum spin chain (with diagonal boundary 
terms) has been solved and well understood PQ[UE|> the solution for the correspond- 
ing XXZ chain with general integrable boundary terms, has remained unsolved. The 
Hamiltonian for this model is given by [H [5] 

N-l 

2 



N-l 1 

W = X) 9 + ^n+l + coshr )«+l) 



71=1 



+ -sinh?7 cotha_ tanh/3_crj + cosech cv_sech /3_ ( cosh^c^ + i smh6L<7j') 
— cotha + tanh/3 + <7^ + cosech a+sech f3+( cosh.6+cr N + i sinh^+er^) (1) 

where a x ,a y ,a z are Pauli matrices, 77 is the bulk anisotropy parameter, ol±,[3±,9± 
are the boundary parameters, and N is the number of spins. However, the case 
of nondiagonal boundary terms with the boundary parameters satisfying certain 
constraint has been solved recently pJ[E|. Hence, it would be desirable to find the 
solution for the general case, with such constraint removed. 



The outline of this paper is as follows. In section 2, we review our Bethe Ansatz 
solutions for special case at roots of unity [10) which we utilize to compute the 
boundary (surface) energy of the XXZ chain [12] . Next, in section 3, we present the 
Bethe Ansatz solution for the general case [13] • This is followed by a brief conclu- 
sion of the paper together with some outline of possible future works on the subject 
in section 4. 
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2 Special case 

Here, the results are presented for odd values of p 0, where p is related to 77 
through r] = ^j. 

2.1 Bethe Ansatz 

We consider the case with the following choice of boundary parameters; (3± = 
,8- = 9 + ,ce± arbitrary. One crucial step here is to notice that certain functional 
relation which the transfer matrix, t(u) and its eigenvalues, A(u) obey at roots of 
unity [6], can be written as [11] 

detA4(u) = 0, (2) 

We give an example of the functional relation below, for p = 3 

A(u)A(u + r))A(u + 2-q)A(u + 3r/) - S(u)A(u + 2rf)A(u + 3r/) - S(u + i])A(u)A(u 
-5(u + 2i])A(u)A(u + 7]) - 5{u + 3r])A(u + ij)A(u + 2rj) 
+5(u)5(u + 2i]) + 6(u + t])S(u + 377) = f{u) . 

5(u) and f{u) are known scalar functions in terms of boundary parameters [9( HOj. 
The matrix Ai (u) is given by [10] , 



377) 
(3) 



M(u) 



A(u) 



SJu) 







/id) («) 

A(u + r)) -ft, (2) (u + 77) 



S(u-ri) \ 
hV>(u-r,) 1 





\ -h^\u-rj) 











-hW(u+ (p- 1)77) A(u+pij) J 



where hP-'(u) and h^ 2 \u) are functions which are «7r-periodic. Comparing (2) to 
the functional relation for the eigenvalues, one can solve for h^(u). Also, h^(u) ~ 
as one would conclude from the crossing properties of A(u) and (8) 
below. The matrix above has the following symmetry, TA4(?-t)r _1 = _M(Ti+277) and 
T = S 2 . Other M{u) matrices we found with stronger symmetry yield inconsistent 
results. Details on this argument can be found in 10 . Here S is 



/ 1 
1 



s 




\1 



\ 




1 
0/ 



S p+1 



(5) 



! sinh 



2JV+1 



Hence, we have 

h {1 \u) = 
1 ) for even p values, we refer readers to [9] 



(u + 2rj) cosh 2 (u + 77) cosh(it + 277) 



sinh(2w + 377) 



(6) 
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The above symmetry for the present A4(u) suggests a null eigenvector, v(u) — 
(Qi(u) , Q 2 (u + rf) , . . . , Qi(u — 2rf) , Q 2 {u — rf)) with the following ansatz for Q a (u) 

M a 

Qa («) = IJ Shlll ( u - ^ ) 8inh ( U + "J ' + *») ' a = 1 ' 2 ' ( ? ) 

3=1 

Note that there are two Q(u) functions, a direct consequence of the weaker sym- 
metry mentioned above. Thus, we have the following T — Q relations 

= S(u) Q 2 (u + i]) S(u-T]) Q 2 {u-rj) 
W hW(u) Qi(u) + W){u-rj) Qi(u) ' 

= h^u- v) 9^ + h w iu) 9^, (8) 

with Mi = i(AT +p+ 1) and M 2 = \{N + p - 1) . 

We see that (8) is a coupled equation in terms of Q\{u) and Q 2 (u), hence 
exhibiting a generalized structure of T — Q relation. Bethe Ansatz follows directly 
by demanding analyticity for the A(u). 



1,2,... ,M 1 



1,2,...,M 2 . (9) 



5(uV-r,) hW(uf y ) ~ Q 2 {uf ) +r 1 ) 

hM{uf) ~ Qi{uf ] -r,) 
2.2 Boundary energy 

The energy for the chain of hnite length is given by 

1 2 Ma 1 1 
E= -sinh^V V ^ ^ + -(N —1) cosh?/ (10) 

where = Uj + |, We make the string hypothesis that, for suitable values of 

boundary parameters Fl the ground state roots, {t^-} and {u^} have the following 
form as N — > 00. 

f «f 1} : j = l,2,...,§ f ^ : i = l,2,...,f 

l^ 2l + f, : i = l,2,...,2±l ' | t; M + ^ j . J = 1;2j ... ; E_i 



{it : } are all real and positive. The logarithm of the Bethe equations for both sets 
of sea roots, } and } gives the ground state root densities, p^(A) and 

p( 2 )(A) with vf' b) = M Af' 6) . The energy depends only on the sum of root densities 



2 ) Readers are urged to refer to [12] for a detail discussion on this matter 
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computed from the counting functions. Further, using (10) (where £ . . . ->N/ (pW (A)- 
(O^ 2 -* (A))g?A ... in the thermodynamic limit, N — > oo) and keeping term of order 1, 
we have the following 



E, 



boundary 



smfi 
2/i 



•cosh((!/-2)w/4) 1 



2cosh(w/2) I 2cosh(i/w/4) 
sinh(w/2)cosh((^ - 2|a±|W2)i 1 



(12) 



sinh(i/a;/2) 

where a± = i^a± and fi — —if]. + and - refer to right and left boundary respectively. 

3 General case (p > 1) 

Finally, we present the solution for the case of general nondiagonal boundary 
terms. We first present the matrix, A4(u), for this case 



( A(u) -mi(u) 
— n\{u) A(u + rf) —ni2(u) 



M(u) = 







-n p+ i(u) \ 




\ -m p+ i(u) 
where the matrix elements, {rrij(u) , rij(u)} are given by [13j 

mj(u) = h(-u-jr)), n^u) = h(u + jrj) , j = l,2, 
m p+1 (u) = = — — ■ , n p+1 (u) 



n p -i(u) A(u + (p - 1)77) -m p (u) 
-n p {u) A(u + prj) J 



z+(u) 



nLi h(u+kr]) 



(14) 



where 



sinh(2u + 277) 



and 



= -4sinh {u + T]) 

smh{Zu + rj) 

sinh(u + a_) cosh(u + /3_) sinh(w + aq_) cosh(u + /3 + ) 



= i(/(«)±s(«) i») 



(15) 



(16) 



Explicit expressions for g(u) and Y(u) (a non- analytic function) and their proper- 
ties are given in [T2]. The null eigenvector is v(u) — (vi(u) ,V2{u) ,.. . , f P +i 
Periodicity of A4(u) makes it reasonable to assume the same in periodicity for v(u). 
Utilizing M(u)v(u) = together with the following ansatz for Vj(u) 0, 



Vj (u) = a,j (u) + bj (u)Y(u), j = 1,2. 



Lfj + i, 



(17) 



3 ) Vj+p+i = Vj 

4 ) with following crossing property, u»(— u) = Vp-\-2—j (*0 



A 



j = 1, 2, ... , p+i . 
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where 



2 M a 2M b 

aj (u) = Aj Y[ sinh(u - u^) , bj(u) = Bj JJ sinh(it - u^ j) ) , j ^ | + 1 

k=l k=l 



fl2+i(«) = Ap +1 [[ sinh(u - u fe 3 ) sinh(u + u fc 7 ) 



fc=i 

Aft 



-p-r ( & P + i) 

= Bp +1 [[smh{u-u k ^ ) sinh(ii + 7i fe ' ), (18) 
fe=i 

and equating analytic and non-analytic terms separately, one would derive a set of 
generalized T-Q equations 13J. Here M a = [^f 1 ] + 2p+ 1 and M b = [^f 1 ] +p. 

Using similar arguments as in section 2.1, and invoking analyticity of A(u), we 
get the following Bethe-Ansatz like equations for the zeros {u^} and {up } } of 
the functions {aj(u)} and {bj(u)} respectively, 

h( _ u M_ r]) = fjvth ai(-", (ni) )+g(", (ni) ) Y{u^f hj-v^) 
h(-ul ai) - jrj) aj-^u^) , _ L-J + l (19) 



Muh* + (j - l)r») a i+1 («,^V " ' ^ 



•i 
and 



/(^)h 1 (- U [ 6l ))+ g ( M | 6l) )ai(- M [ 6l) ) 

26 2 K (6l) ) nLiM^ (bl) + M 



tr'"'^ - i = 2,..,Lfj + l. (20) 

Normalization contants {Aj, Bj} j = 1 , . . . , [§J + 1 , can be determined by noting 
the poles at u = — \ and u = — a_ —77, and from the analyticity of A(u). This yields 
few extra Bethe-Ansatz like equations that can be solved for these normalization 
constants. 



4 Conclusion 

We have presented Bethe Ansatz solutions for both special and general cases. 
The solutions presented here have been verified for completeness numerically. How- 
ever, these solutions do not hold for generic values of 77, but only for special values, 
^py- Further, we have demonstrated the use of string hypothesis to compute the 
ground state boundary energy for a special case. The Bethe Ansatz equations ap- 
pear in a generalized form due to the appearance of multiple Q(u) (or a(u) and 
b(u)). Few questions needed to be answered here. Firstly, having found the general 
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solutions, can they lead to some other interesting results, e.g. finite size effects? 
Secondly, do solutions exist for generic values of rp. These are certainly questions 
of utmost importance that we hope to pursue and address in future. 
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